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Abstract
Dijkgraaf-Witten theories are quantum field theories based on (form degree 1) gauge fields
valued in finite groups. We describe their generalization based on p-form gauge fields valued
in finite abelian groups, as field theories extended to codimension 2.
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1 Introduction and summary
Dijkgraaf-Witten (DW) theories [1] are essentially Chern-Simons theories for gauge fields valued
in a finite group Γ, and can be defined in any dimension. Their fields are connections on
principal Γ-bundles. Due to the finiteness of Γ, there is only one connection on each principal
bundle and it is necessarily flat. As a result, the space of fields is finite, and the path integral
reduces to a finite instanton sum, making their exact quantization straightforward. For this
reason, they are interesting toy models of quantum gauge field theories.
Abelian gauge fields have higher degree cousins, described locally by p-forms and globally
by degree p` 1 differential cohomology classes [2]. When the gauge group is Up1q, they can be
thought of as connections on certain ”higher circle bundles” that can be defined using higher
category theory. We describe in the present paper generalizations of abelian Dijkgraaf-Witten
theories whose fields are higher gauge fields valued in a finite abelian group Γ. Just as for
ordinary DW theories, the path integrals are finite sums and we can describe the quantum
theories exactly.
Two subtleties appear in the construction below. The first is about finding a good model
for the higher gauge fields. We do not know a convenient higher generalization of principal
bundles with connection valued in a finite group (but see [3, 4, 5, 6] for the p “ 2 case).
However, as Dijkgraaf-Witten theory is a gauge theory, only the set of isomorphism classes of
fields matters. On a manifold M , the isomorphism classes of higher abelian gauge fields are
given by HppM ; Γq, and we can take the fields to be cocycles valued in Γ. Indeed, ordinary
Dijkgraaf-Witten theories themselves can be reformulated in terms of 1-cocycles valued in Γ,
instead of principal Γ-bundles.
The second subtlety is the determination of the measure (4.1) on the space of fields, which
appears in the instanton sum defining the quantum theory. These factors crucially obey the
relation (4.3), which ensures that the field theory functor is compatible with the gluing of
manifolds with boundary, as we show in Section 6. Our restriction to abelian groups makes
the measure constant across the space of fields, leaving only the dependence on the underlying
manifold. The structure of the measure is nevertheless interesting, being given by an alternating
product of orders of Γ-valued cohomology groups. It suggests an interpretation in terms of a
tower of ghosts that is not made explicit in our construction. In more mathematical terms, it
should coincide with the homotopy cardinality of a p-groupoid of fields, but we will not attempt
to make this higher categorical structure manifest here.
Apart from the above, the proof of Freed and Quinn [7, 8] showing that ordinary Dijkgraaf-
Witten theory defines a field theory functor generalizes easily.
We define the higher abelian Dijkgraaf-Witten theories only as field theories extended to
codimension 2, because we do not have a clear picture of the higher categorical objects assigned
by the field theory functor to manifolds of codimension higher than 2. The heuristic arguments
of [8] suggest however that there should be no problem defining these theories as fully extended
field theories.
After publication, we realized that as non-extended field theories, the theories constructed
here are a special case of a general construction by Quinn described in [9]. In this construction,
the classifying space of fields BΓ appearing in Dijkgraaf-Witten theory is replaced by any
topolgical space with finite homotopy groups. We should also mention that closely related field
theories have been constructed by Sˇevera in [10]. The sketch of a general framework for finite
path integration was presented in [11].
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It would be interesting to construct Dijkgraaf-Witten theories of higher gauge fields val-
ued in non-abelian finite groups. The quantum theory of non-abelian higher gauge fields is
unknown1, and the latter appear in several physically interesting theories, such as (2,0) super-
conformal field theories in six dimensions or gauged supergravities. One may hope that the
simple setting of Dijkgraaf-Witten theory will provide interesting insights. A possible avenue
is to repeat the present construction in the framework of non-abelian cohomology (see for in-
stance [12, 13, 14]). In the context of state sum models, results have been obtained by Yetter
in [15] (see also [16]) in the case p “ 2, and by Porter in [17] for generic p. We will not discuss
further the non-abelian case here.
The paper is organized as follows. In Section 2, we explain that the isomorphism classes of
fields in the higher DW theories are classified by the pth cohomology group of the underlying
manifold with value in Γ. In Section 3, we describe the structures on spacetime manifolds
required to define the theory. We describe in Section 4 the space of fields over a manifold,
paying particular attention to the case where the latter has a boundary. We define there the
measure factors crucial for the definition of the theory in Section 5. In Section 6, we show that
the field theory functor is compatible with the gluing of manifolds.
2 Degree p Γ-valued gauge fields
Let Γ be a finite abelian group. We would like to construct a version of DW theory in which
the fields on which the path integral is performed generalize principal Γ-bundles in the same
way as p-form gauge fields generalize ordinary (i.e. 1-form) abelian gauge fields. While the
case p “ 2 is rather well understood [3, 4, 5, 6], we do not have a good picture for such objects
for general p. However, we can make sense of their isomorphism classes as follows, which will
turn out to be sufficient to formulate the DW theory.
We remark that the isomorphism classes of principal Γ-bundles over a manifold M are
classified by H1pM ; Γq, which is ultimately due to the fact that the classifying space BΓ is an
Eilenberg-MacLane spaceKpΓ, 1q. The usual DW theory can be reformulated in terms of degree
1 Γ-valued cocycles instead of principal Γ-bundles. The precise model used for the cochains has
no influence on what follows and we take singular cochains for definiteness. Of course, there
is no bijection between principal Γ-bundles and Γ-valued 1-cocycles, but there is a bijection
between the isomorphism classes of such objects. As the DW theory relies ultimately only on
1See however [5] for an approach to quantization using the BV formalism.
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gauge invariant data, the two formulations are equivalent. 2 This is a concrete illustration
of the fact, well-known to physicists, that a ”gauge symmetry” is only a redundancy in the
description of the theory, and not a property of the theory itself.
In the cocycle formulation, the generalization to higher degree is obvious. The fields of the
higher abelian DW theories are degree p Γ-valued cocycles, and the equivalence classes of gauge
fields are given by the degree p cohomology groups valued in Γ. We now develop this picture
more systematically.
Let M be an closed oriented manifold. The fields on M are degree p Γ-valued cocycles,
which we write hatted. A cocycle Pˆ1 is isomorphic to a cocycle Pˆ2 if they define the same
cohomology class, i.e. if there is a degree p´1 cochain φˆ such that Pˆ2 “ Pˆ1`dφˆ. As they have
the same action on cocycles, we identify isomorphisms differing by the differential of a cochain,
i.e. φˆ „ φˆ ` dρˆ. With these identifications, the automorphism group AutpPˆ q is Hp´1pM ; Γq,
which is a finite group. We write P for the cohomology class of Pˆ .
We extend the discussion to an oriented manifold M with boundary or corners, for which
we need the notion of relative cocycle. Let Qˆ be a degree p Γ-valued cocycle over BM . A degree
p Γ-valued cocycle on M relative to Qˆ (in short a relative cocycle), is a pair pPˆ , θˆq where Pˆ
is a degree p Γ-valued cocycle on M and θˆ is a degree p ´ 1 Γ-valued cochain on BM such
that Pˆ |BM “ Qˆ ` dθˆ. An isomorphism between two relative cocycles pPˆ1, θˆ1q and pPˆ2, θˆ2q is
an equivalence class of degree p ´ 1 Γ-valued cochain φˆ on M such that Pˆ2 “ Pˆ1 ` dφˆ and
θˆ2 “ θˆ1 ` φˆ|BM . Two such cochains are equivalent if they differ by the differential of a cochain
vanishing on the boundary: φˆ „ φˆ` dρˆ with ρˆ|BM “ 0. The automorphism group AutpPˆ , θˆq is
Hp´1pM, BM ; Γq, the relative cohomology group with value in Γ, which is a finite group. We
write pP, θq for the cohomology class of pPˆ , θˆq.
We introduce the following notation. We write F pM, Qˆq for the groupoid of degree p Γ-
valued cocycles on M relative to the cocycle Qˆ on BM . When M has no boundary, we simply
write F pMq “ HppM ; Γq. We will write EpM, Qˆq for the group of equivalence classes of the
groupoid F pM, Qˆq. EpM, Qˆq is a torsor on HppM, BM ; Γq “ EpM, 0q.
2To be more precise, as pointed out by the referee, we need the groupoids of fields to be equivalent as
categories. I.e. the spaces of gauge transformations (morphisms) should be in bijection as well. In the case of
interest to us, this condition is trivially satisfied. It is sufficient to check that in both models, the automorphism
group of a field is given by H0pM ; Γq.
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3 Structures on manifolds
We consider manifolds endowed with certain unspecified geometrical/topological structures,
denoted by F (see Appendix A.4 of [18]). We assume that given a manifold M , possibly with
boundary, FpMq includes an orientation on M and a map γP fromM to KpΓ, pq. Upon picking
a universal choice of cocycle Uˆ representing a generator of HppKpΓ, pq; Γq, γP determines an
element Pˆ of EpM, Qˆq, with Qˆ “ pγP q
˚pUˆq|BM . Hence γP determines a gauge field on M .
We will call such manifolds manifolds with F-structure, or simply F-manifolds. We write F¯
for the structure encoding the same data as F, except for the map γP . We also assume that
we are given a cocycle cˆU representing a cohomology class cU P H
dpKpΓ, pq, Up1qq, that plays
the role of the exponentiated action of the theory. The data FpMq then includes a cocycle
cˆ :“ γ˚P cˆU P H
dpM,Up1qq.
As explained in [7, 8], there is a sense in which one can integrate c over the d´k-dimensional
manifold M . For k “ 0, the integration map is the usual integration of cochains, yielding an
element of Up1q. For k “ 1, one obtains a Hermitian line, i.e. a 1-dimensional Hilbert space.
For k “ 2, one obtain a 2-Hermitian line, which is a category equivalent to the category H1
of finite dimensional Hilbert spaces (see for instance Appendix A.2 of [18]). For higher k, one
obtain higher analogues of Hermitian lines [8]. We will write Ic for the integration map.
Ic is a field theory defined on manifolds with F-structure. Its value depends only on the
homotopy class of the map γP . It can be seen as a classical version of the DW theory [7, 8].
More precisely, in the terminology of geometric quantization, it is the prequantum version of
the DW theory determined by the exponentiated action cU . The quantum DW theory DWc is
defined on manifolds with F¯-structure, via a sum of Ic over the space of isomorphism classes
of degree p Γ-valued gauge fields. This sum should be interpreted as a path integral over the
field space of the theory.
In the following, all the manifolds are assumed to be F¯-manifolds, and we denote F-manifolds
by pairs pM, Pˆ q, where M is a F¯-manifold and Pˆ is the gauge field encoded in FpMq. Cocy-
cles/gauge fields are always hatted and their cohomology classes/equivalence class are denoted
by the same letter without a hat.
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4 Measure
We now define measure factors that play a crucial role in the definition of the theory, and prove
a fundamental identity they satisfy. Let
µM “
p´1ź
i“0
ˇˇ
H ipM, BM ; Γq
ˇˇp´1qp´i
, (4.1)
where |G| denotes the order of the finite group G. Let us furthermore define for N Ă M ,
N X BM “ H,
µpM,Nq “
p´1ź
i“0
ˇˇ
H ipM,N Y BM ; Γq
ˇˇp´1qp´i
. (4.2)
Let K be the kernel of the map HppM,N Y BM ; Γq Ñ HppM, BM ; Γq.
Lemma 4.1. The following equality holds:
µM “ |K|µpM,NqµN (4.3)
Proof. This is an immediate consequence of the long exact sequence for relative cohomology:
...Ñ Hp´2pNq Ñ Hp´1pM,N Y BMq Ñ Hp´1pM, BMq (4.4)
Ñ Hp´1pNq Ñ HppM,N Y BMq Ñ HppM, BMq ,
where we suppressed the argument Γ in the cohomology groups.
Remark that in the ordinary Dijkgraaf-Witten theory, µpM,Pq “ 1{|AutpPq|, where P is
a principal Γ-bundle, and AutpPq is the group of automorphisms of P leaving P|BM fixed.
When Γ is abelian, |AutpPq| “ |H0pM, BM ; Γq|, which is consistent with (4.1).
5 Definition of the theory
In the following we use the following conventions. A 0-Hilbert space is a complex number. A 1-
Hilbert space is a finite dimensional Hilbert space. The category of 1-Hilbert spaces is denoted
by H1. A 2-Hilbert space [19] is a C-linear category linearly equivalent to the nth Cartesian
product of H1 with itself, endowed with extra structure, see also Appendix A.2 of [18]. In
particular, a 2-Hilbert space H is endowed with a functor p‚, ‚qH : H
op ˆ H Ñ H1, playing
the role of the inner product. The 2-Hilbert spaces form a 2-category H2. H2 admits a dagger
structure given by the complex conjugation and a symmetric monoidal structure described in
Section 4.4 of [19].
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We write Md,p for a generic F¯-manifold of dimension d with corners of dimension d ´ p
or higher. If X “ F, F¯, Bd,p
X
is the bordism category consisting of X-manifolds of dimension
d´ p, ..., d with corners of dimension d´ p or higher, see Appendix A.4 of [18]. The bordism
category has a dagger structure given by the orientation reversal of manifolds, and a symmetric
monoidal structure given by the disjoint union of manifolds.
We will define below the quantum DW theory as a 2-functor
DWc : B
d,2
F¯
Ñ H2 (5.1)
compatible with the dagger and the monoidal structures.
Prequantum theory We rely on the fact that the prequantum DW theory
Ic : B
d,2
F
Ñ H2 (5.2)
is such a 2-functor [7, 8]. (See also Section 4 of [18].) For k “ 0, 1, 2, the prequantum DW theory
Ic associates a (one-dimensional) k-Hilbert space IcpM
d´k, P q to a closed d ´ k-dimensional
F-manifold pMd´k, Pˆ q. For k “ 0, 1, Ic associates a vector IcpM
d´k,1, P q in IcpBM
d´k,1, Qq to
each manifold d´k-dimensional F-manifoldMd´k,1 with boundary endowed with Pˆ P F pM, Qˆq.
Closed d´k-dimensional manifolds Here k “ 0, 1, 2. We define the value of the quantum
DW theory on Md´k by
DWcpM
d´kq “
ÿ
PPEpMq
µMd´kIcpM
d´k, P q . (5.3)
The sum sign should be understood as an ordinary sum when k “ 0, as a direct sum of Hilbert
spaces when k “ 1 and as the direct sum of 2-Hilbert spaces for k “ 2 (see Appendix A.2 in
[18]). The multiplication by µMd´k also deserves an explanation. For k “ 0 this is the ordinary
multiplication of complex numbers by the rational number µMd´k . For k “ 1, µ P Q` and H
a Hilbert space, µH is the vector space H, endowed with the inner product of H rescaled by
µ: p‚, ‚qµH “ µp‚, ‚qH . For k “ 2, let H be a 2-Hilbert space, endowed with an inner product
p‚, ‚qH valued in H1. Then µH is the 2-vector spaceH, endowed with an inner product p‚, ‚qµH
defined as follows. For any V1, V2 P H, pV1, V2qµH “ µpV1, V2qH , where the multiplication on
the right-hand side should be interpreted according to the k “ 1 case we described above.
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d ´ k-dimensional manifolds with boundary Here k “ 0, 1. We define the value of the
quantum DW theory on Md´k,1 by:
DWcpM
d´k,1q “
ÿ
QPEpBMd´k,1q
ÿ
PPEpMd´k,1,Qˆq
µMd´k,1IcpM
d´k,1, P q . (5.4)
Here Qˆ is any cocycle representing the class Q. The terms on the right-hand side of (5.4) are
understood as elements of IcpBM
d´k,1, Qq.
Consistency requires that
DWcpM
d´k,1q P DWcpBM
d´k,1q . (5.5)
But this is immediately implied by the corresponding relation for the prequantum DW theory:
IcpM
d´k,1, P q P IcpBM
d´k,1, P |BMd´k,1q [7, 8]. (5.5) implies in particular that given a bordism
Bd´k between manifolds Md´k´11 and M
d´k´1
2 , DWcpB
d´kq is a homomorphism (k “ 0) or a
C-linear functor (k “ 1) from DWcpM
d´k´1
1 q to DWcpM
d´k´1
2 q.
d-dimensional manifolds with corners LetMd,2 be a d-dimensional manifold with BMd,2 “
´N1 YN2, where BN1 “ BN2 “ ´M1 \M2. We define analogously to (5.3) and (5.4)
DWcpM
d,2q “
ÿ
RPEp´M1\M2q
ÿ
QPEp´N1YN2,Rˆq
ÿ
PPEpMd,2,Qˆq
µMd,2IcpM
d,2, P q . (5.6)
As before, we picked arbitrary cocycle lifts Rˆ and Qˆ of R and Q. F p´N1 Y N2, Rˆq is the
groupoid of cocycles restricting to Rˆ on ´M1 \M2 Ă ´N1 Y N2, with arrows given by the
addition of exact cocycles vanishing on ´M1 \M2. Ep´N1 YN2, Rˆq is the corresponding set
of equivalence classes.
The fact that DWcpM
d,2q is a 2-morphism between the 1-morphisms DWcpN1q and DWcpN2q
is directly inherited from the corresponding property of the prequantum DW theory [18].
Higher codimension Formulas (5.3), (5.4) and (5.6) clearly have the same structure. Given
a concrete construction of the prequantum DW field theory as a fully extended field theory, for
instance along the lines proposed in [20], the obvious generalization of these formulas should
define the higher abelian DW theories as fully extended field theories. We expect the proof of
the gluing law in the next section to be formally identical, see [8] for the case of ordinary DW
theories.
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Compatibility The compatibility of DWc with the dagger and monoidal structures of B
d,2
F¯
and H2 comes from the compatibility of Ic with these structures [7, 8, 18], and the fact that
µpM1 YM2q “ µpM1qµpM2q for M1 and M2 disjoint manifolds.
6 Gluing
The compatibility of the prequantum DW theory with gluing (i.e. the compatibility of the
functor Ic with the composition of morphisms in B
d,2
F
and H2) is obvious from the locality of
the integral. Because of the sums involved, the compatibility with gluing is not obvious in the
DW theory and we check it here.
Let Md´k,1 be as usual a d´ k-dimensional F¯-manifold with boundary and let N ĂMd´k,1
be a codimension 1 submanifold disjoint from the boundary. Let Md´k,1N be the manifold
Md´k,1 cut along N , whose boundary is BMd´k,1YN Y´N . The compatibility with gluing is
equivalent to the following
Theorem 6.1. We have:
DWcpM
d´k,1q “ TrDWcpNq
´
DWcpM
d´k,1
N q
¯
, (6.1)
where Tr on the right hand side denotes the contraction of
DWcpM
d´k,1
N q P DWcpBM
d´k,1q bDWcpNq b pDWcpNqq
: (6.2)
using the canonical pairing between DWcpNq and its dual.
Remark that the trace involves a scalar multiplication. For k “ 1, the pairing is valued
in H1 and the scalar multiplication is a tensor product-like operation between a Hilbert space
and an element of the 2-Hilbert space DWcpBM
d´k,1q, see for instance Appendix A.2 of [18].
Our proof of the gluing relation (6.1) is strongly inspired by the corresponding proof in
[7, 8], valid for the usual DW theory and its extended version. In the present proof, we write
M for Md´k,1 and MN for M
d´k,1
N . Let pi : MN Ñ M be the gluing map that identifies the
components N and ´N of the boundary of MN .
Proof of Theorem 6.1. We use the definition of the left-hand side to write
DWcpMq “ µM
ÿ
RPEpBMq
ÿ
PPEpM,Rˆq
IcpM,P q . (6.3)
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We can perform the analysis term by term with respect to the first sum, so we fix R P EpBMq.
Let EN pM, Rˆq and EextpN, Rˆq be the kernel and image of the restriction map EpM, Rˆq Ñ EpNq,
and let Qext be a choice of preimage for each Q P EextpN, Rˆq. We decompose the sum over the
classes in EpM, Rˆq as a sum over EN pM, Rˆq and EextpN, Rˆq. The right-hand side of (6.3), for
fixed R, becomes
µM
ÿ
QPEextpN,Rˆq
ÿ
PPEN pM,Rˆq
IcpM,P `Qextq . (6.4)
We use (4.3), the gluing relation for Ic and the linearity of the trace to rewrite (6.4) as
µNµpM,Nq|K|
ÿ
QPEextpN,Rˆq
TrIcpN,Qq
¨
˝ ÿ
PPEN pM,Rˆq
IcpMN , pi
˚pP `Qextqq
˛
‚ . (6.5)
Let EextpN \ ´N, Rˆq be the subset of EpN \ ´Nq consisting of equivalence classes of fields
admitting an extension to MN restricting to Rˆ on BM . Let us choose an element Q
1
ext P
EpMN , Rˆ` Qˆ
1q for each Q1 P EpN Y´Nq. Because the trace selects the diagonal component,
we can replace the sum over Q P EextpNq in (6.5) by a sum over Q
1 P EextpN Y´Nq.
Next, excising a tubular neighborhood of N in M , we remark that
EpMN , 0q “ H
ppMM , BMN ; Γq » H
ppM,N Y BM ; Γq , (6.6)
where the latter isomorphism is given by excision. We have therefore a surjective homo-
morphism EpMN , 0q Ñ EN pM, 0q, and hence also (non-canonical) surjective homomorphisms
EpMN , Rˆ ` Qˆ
1q Ñ EN pM, Rˆq. Given (6.6), the order of the kernel of these homomorphisms
is |K|. This means that we can replace the sum |K|
ř
PPEN pM,Rˆq
by
ř
P 1PEN pMN ,Rˆ`Qˆ1q
. We
obtain therefore
µNµpM,Nq
ÿ
Q1PEextpNY´N,Rˆq
TrIcpN,Q1q
¨
˝ ÿ
P 1PEpMN ,Rˆ`Qˆ1q
IcpMN , P
1q
˛
‚ . (6.7)
But now we use again the linearity of the trace, the fact that µpM,Nq “ µMN and we remark
that after summing over R, we obtain DWcpMN q. Moreover, the trace over DWcpNq is µN
times the sum of the traces over IcpN,Qq, so we finally obtain (6.1).
This proves that DWc is a 2-functor, hence defines a field theory.
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